The dynamics of interacting bosons in one dimension following the sudden switching on of a weak disordered potential is investigated. On time scales before quasiparticles scatter (prethermalized regime), the dephasing from random elastic forward scattering causes all correlations to decay exponentially fast, but the system remains far from thermal equilibrium. For longer times, the combined effect of disorder and interactions gives rise to inelastic scattering and to thermalization. A novel quantum kinetic equation accounting for both disorder and interactions is employed to study the dynamics. Thermalization turns out to be most effective close to the superfluid-Bose glass critical point where nonlinearities become more and more important. The numerically obtained thermalization times are found to agree well with analytic estimates.
The dynamics of interacting bosons in one dimension following the sudden switching on of a weak disordered potential is investigated. On time scales before quasiparticles scatter (prethermalized regime), the dephasing from random elastic forward scattering causes all correlations to decay exponentially fast, but the system remains far from thermal equilibrium. For longer times, the combined effect of disorder and interactions gives rise to inelastic scattering and to thermalization. A novel quantum kinetic equation accounting for both disorder and interactions is employed to study the dynamics. Thermalization turns out to be most effective close to the superfluid-Bose glass critical point where nonlinearities become more and more important. The numerically obtained thermalization times are found to agree well with analytic estimates. One of the most challenging questions in strongly correlated systems is understanding the combined effect of disorder and interactions. This old problem has recently received some fresh input both in the form of experiments where ultra-cold gases with tunable interactions and tunable disordered potentials have been realized [1] [2] [3] , and in the form of theory where phenomena such as many-body localization have been proposed [4] [5] [6] . These studies indicate that the combined effect of disorder and interactions is most dramatic in the nonequilibrium regime. While even for clean interacting systems, quantum dynamics is poorly understood, disorder adds yet another layer of complexity to the problem.
In this paper we study quench dynamics of a onedimensional (1d) interacting Bose gas in a disordered potential. The quench involves a sudden switching on of the disordered potential. Past studies of such quenches have primarily focused on the limit of strong disorder and weak interactions where many-body localization may lead to a breakdown of equilibration [7] [8] [9] . We focus on the complementary regime of strong interactions and weak disorder. More precisely, we investigate a regime where disorder is nominally irrelevant by studying the superfluid side of the superfluid-Bose glass quantum critical point.
A quantum quench drives a system out of equilibrium, and the key question is how the system relaxes. We show that the nonequilibrium bosons generated by the quench can relax by means of two different kinds of scattering processes in the presence of disorder. One is a random elastic forward scattering which leads to dephasing. The second is inelastic scattering arising due to the interplay of disorder and interactions which eventually thermalizes the system. We use a novel quantum kinetic equation that accounts for both disorder and interactions to investigate numerically how the system thermalizes. We also present analytic estimates for the thermalization time. We however do not investigate the role of hydrodynamic long time tails which ultimately dominate equilibration at the longest time scales [10] .
Upon approaching a classical or quantum critical point, two competing phenomena can occur: 'critical slowing down' arises when the relaxation becomes slower and slower due to the dynamics of larger and larger domains. But also the opposite, 'critical speeding up', can occur: due to the abundance of critical fluctuations and the importance of nonlinearities thermalization can become more efficient close to criticality. Both effects can even occur simultaneously. For magnetic quantumcritical points in 3d metals, for example, electron relaxation becomes more efficient close to the transition while the order parameter relaxes more slowly [11] . A dramatic 'critical speeding up' has, for example, recently been observed close to the liquid-gas transition of monopoles in spin-ice [12] . Also experimental, numerical and analytic results on the short [13] [14] [15] and long-time dynamics [16] of the superfluid-Mott transition suggest that the dynamics becomes faster upon approaching the transition. In this case, however, the proximity to integrable points makes the theoretical analysis of equilibration more challenging, a complication absent in our study. We find that the enhanced role of backscattering close to the critical point does give rise to a striking enhancement of equilibration upon approaching the critical point.
The equilibrium phase diagram of 1d interacting bosons in the limit of weak disorder was studied in Refs. 17 and 18, where a Berezenskii-Kosterlitz-Thouless (BKT) transition from the superfluid phase to a Boseglass phase was identified, for strong disorder see, e.g., Refs. [19] [20] [21] , and for quasiperiodic lattices see Refs. [22, 23] . We will study quench dynamics in the regime of weak disorder when bosons are delocalized in the ground state. We will, however, show that out of equilibrium even very weak disorder can be quite potent, causing elastic dephasing and inelastic scattering. These effects will be identified by studying the time-evolution of some key correlation functions and the boson distribution function.
Our quench protocol is as follows. First the bosons are prepared in the ground state of a Hamiltonian H i characterized by an interaction parameter K, and sound velocity u,
is canonically conjugate to the field φ, −∂ x φ/π is the smooth part of the boson density, and the theory is diagonal in terms of a † p , a p , the creation and annihilation operators for the sound modes [24, 25] . At t = 0, a disordered potential is suddenly switched on so that the time evolution from t > 0 is governed by the final Hamiltonian H f = H i + V dis where,
(1) η and ξ are the strength of the forward and backward scattering disorder respectively [24] , these are assumed to be time-independent and Gaussian distributed so that disorder-averaging (represented by . .
and D f = D f α u 2 as dimensionless strength of the forward and backward scattering disorder, respectively where Λ = u/α is a UV cutoff. Note that K → ∞ is the limit of non-interacting bosons, while K = 1 corresponds to hard-core bosons (free fermions), with the superfluid-Bose glass critical point located near K = 3/2 [24] .
We will study the time evolution after the quench of the boson density-density correlation function R φφ , and the single-particle correlation function R θθ , the latter being a measure of the superfluidity in the system. These quantities in the language of bosonization are,
where |ψ i is the state before the quench (the groundstate of H i ). Note that R φφ is the correlator for the component of the density that oscillates at 2πρ 0 (where ρ 0 is the average boson density). We choose to study this because in the vicinity of the superfluid-Bose glass critical point, charge density wave fluctuations dominate. We employ a Keldysh path-integral formalism wherein the expectation value of the observable R aa (where a = θ/φ) is given by
where φ cl,q , θ cl,q are linear combinations of the fields φ ± , θ ± in the two-time Keldysh formalism [26] . Above, S 0 captures the correlators of the clean interacting Bose gas after the quench, exactly known within our Luttinger liquid approximation [27] . S dis contains the forward and backward scattering disorder. While the forward scattering disorder may be treated exactly, we will treat the backward scattering disorder perturbatively. Within the Keldysh formalism, disorder-averaging may be carried out without the complication of introducing replicas
, to leading order, only the forward scattering disorder affects the correlators, but already at this order elastic dephasing effects will be apparent. To see this note that when
, L being the system size. The quench creates a highly nonequilibrium distribution of the Γ p quasiparticles so that, before disorder averaging, the leading order correlators at a time t after the disorder quench are [28] ,
The correlators are what they would have been in the absence of the forward scattering disorder (D f = 0), but multiplied by random phases. These phases arise because the quench creates excited left and right moving quasiparticles which as they travel along the chain pick up random phases due to the forward scattering disorder. Thus the operator at position r will be affected by phases picked up in the region [r − ut, r] by the right movers, and phases picked up in the region [r + ut, r] by the left movers. Due to these random phases, disorder averaging leads to dephasing that causes the correlators to decay exponentially in time or position,
Above Θ is the Heaviside function. Thus the disorderaveraged correlators are found to decay exponentially with time for short times ut < r/2, with a crossover to a steady-state behavior with an exponential decay in position at long times (ut > r/2 for R θθ and ut > r for R φφ ). It is interesting to contrast this behavior with the situation in equilibrium. There the forward-scattering disorder also imposes an exponential decay in position of the
, but does not affect the single-particle propagator at all R eq θθ ∼ 1/r 1/(2K) , implying that it cannot suppress superfluidity. Only backward scattering disorder suppresses superfluidity in equilibrium, eventually causing a transition to the Boseglass phase [17] . In contrast, our leading order result shows that when the system is quenched, even forward scattering strongly affects superfluidity due to random dephasing caused by the emitted nonequilibrium quasiparticles.
Thus even though the disorder is weak, and even though we are in the short time or intermediate time regime where the full effect of the disorder has not yet set in, disorder is very effective in destroying the superfluidity due to random dephasing. Moreover, in stark contrast to equilibrium, it is the forward scattering disorder which is the most potent in this prethermalized regime as random dephasing caused by it also makes the backward scattering disorder more "irrelevant" than in equilibrium. Thus while superfluidity is destroyed, the phase that replaces it is not a backward scattering disorder induced localized phase either. In fact, as we discuss in detail below, the role of backward scattering disorder is to facilitate inelastic scattering, causing the system to thermalize into a delocalized high temperature phase.
We now discuss the long time regime where inelastic effects are important. Even in clean interacting systems, inelastic effects after a quench set in, however for the Luttinger model, where only forward scattering interactions are retained, the clean system is incapable of thermalizing. In contrast once disorder is present, then the combined effect of disorder and interactions can cause inelastic scattering leading to thermalization. We will now explore this phenomena. Of course for free fermions with disorder (K = 1), there is again no inelastic scattering, however our treatment is valid for strong attractive (albeit forward scattering) interactions and weak disorder.
The quantum quench generates nonequilibrium quasiparticles with density n p (t) = ψ i (t)|Γ † p Γ p |ψ i (t) . At short times γ 0 t < 1 (below we give an estimate for γ 0 ), these may be considered to be almost free, this is the so called prethermalized regime [29] [30] [31] [32] [33] discussed above. In contrast, at longer times, these quasiparticles eventually scatter among each other, with the distribution function evolving according to the quantum kinetic equation [28] with Teq determined from energy conservation. Inset: Time-evolution of u [qn(q)] q=0 = T eff for K = 3 and 3/2. T eff (t = 0) = T eff,0 and approaches Teq at long times. u = 1,
, and themselves depend on the nonequilibrium population n p (t). A kinetic equation similar to the one above was derived for a commensurate periodic potential [16] . For the disordered problem, the derivation follows analogously. Due to the interaction vertex being of the form e 2iφ , a key feature of the kinetic equation is that it allows for multiparticle scattering between bosons. Besides this, it has all the usual properties of a kinetic equation in that it conserves energy, and the right hand side vanishes when n p is the Bose distribution function. We solve the kinetic equation numerically, where the initial condition entering the kinetic equation is the nonequilibrium quasiparticle density n p generated by the quench. Note that the kinetic equation has been obtained after a leading order gradient expansion and in doing so has lost some of the initial memory effects, and is therefore not valid at very short times after the quench. We smoothly connect between the short time dynamics and the long time dynamics of the kinetic equation by perturbatively evolving n p (t) forward in time at short times, and use this distribution as the initial condition for the kinetic equation. For u|p| ≪ Λ, such a perturbative short time evolution gives [28] 
where
. Thus the density is a sum of two terms, one proportional to the strength of the forward scattering disorder and the second proportional to the strength of the backward scattering disorder. The symbol n p (t ≃ 0) is used to imply that this distribution is obtained after an initial time-evolution. At long wave-lengths, the distribution n p (t ≃ 0) has the appearance of an effective temperature, however unlike a true temperature where for u|p| ≥ T eff,0 , the distribution function is exponentially suppressed, for our case, the distribution function maintains a slow power-law decay with momentum upto energy scales of the order of the cutoff Λ. We will use T eff,0 as a measure of the quench amplitude and all energy scales will be measured in units of Λ.
We now present results for the numerical solution of the kinetic equation for a point far away (K = 3) and at (K = 3/2) the superfluid-Bose glass critical point. In the main panel of Fig. 1 qn(q) is plotted at different times after the quench, and is found to reach thermal equilibrium qn eq = q e u|q|/Teq −1
, T eq being determined from energy conservation. The high-q modes thermalize the fastest, thus the thermalization time is set by the behavior of the long-wavelength modes, an observation which will allow us to make analytic estimates for the thermalization time. The numerics also show that the relaxation to equilibrium is not determined by a single time-scale [34] and therefore not described by a single exponential function. This is most directly seen by studying how u [qn(q)] q=0 = T eff approaches T eq starting from its initial value of T eff,0 (see insets of Figs 1 and 2). Inset of Fig. 1 shows that the system thermalizes much faster at the critical point K = 3/2 in comparison to away from it (see also [28] ). The inset of Fig. 2 clearly shows at least two different relaxation rates appear in the dynamics. Below we discuss these rates analytically.
Since the longest wavelength mode relaxes the slowest, let us consider the out-scattering rate in the long wavelength limit,
Two time-scales may be extracted from Eq. (11). One is γ −1 0 , the time-scale for leaving the prethermalized regime, and the second is γ −1 th , the thermalization time when the system is weakly perturbed from thermal equilibrium. To determine the former, we substitute n p (t ≃ 0) into Eq. (11) 
As the system evolves, the distribution function approaches thermal equilibrium. The time-scale γ −1 th for the final approach to thermal equilibrium may be estimated by substituting n p = 1 e u|p|/Teq −1 in Eq. (11). This yields a thermalization rate of γ th ∼ D b (T eq ) 2K−2 . Since, T eq ∼ T eff,0 for small quench amplitudes [28] ,
Our numerical results show that high-energy modes relax sufficiently fast such that the total time needed for thermalization can be estimated from t th ∼ γ −1 th . The relaxation rate towards thermal equilibrium obtained from the long time tail of the time-evolution is shown in the main panel of Fig. 2 , and agrees well with γ th . Note that the dramatic reduction of thermalization time on approaching the superfluid Bose-glass critical point is due to the backward scattering disorder becoming more relevant, facilitating thermalization. We emphasize that our results are valid as long as the backscattering disorder is a weak perturbation, which is the case for K > 3/2 where D b is RG irrelevant. While our expressions remain well defined for 1 < K < 3/2, they clearly break-down in the hard core boson (or free fermion limit), where the perturbative expression for the density (see T acquire infrared divergences [28] .
To summarize, we have studied quench dynamics in a system where both interactions and disorder are present. A key effect of the disorder is to give rise to random forward scattering induced elastic dephasing, important even at short times which destroys superfluidity. At longer times, the interplay of disorder and interactions leads to thermalization which is strongly enhanced close to the superfluid-Bose glass transition. Both in the shorttime elastic dephasing regime, and the long-time thermal regime, correlations decay exponentially, however one may differentiate between these two regimes by an echo [35] experiment: an echo visible in the short-time dephasing regime will be suppressed exponentially when inelastic scattering dominates. The two regimes may also be identified by the length scale determining the decay of the correlations which is D f in the elastic dephasing regime, and T eq in the thermal regime. The dephasing dominated regime should also be observable in short-time numerical simulations on disordered lattice systems. An interesting direction is to study quenches on the insulating side of the superfluid-Bose glass transition where the growth of disorder under renormalization competes with dephasing and decoherence arising from the nonequilibrium population of quasiparticles. Acknowledgements: This work was supported by NSF-DMR 1303177 (AM,MT), the Simons Foundation (AM), and the SFB TR12 of the DFG (AR). The relaxation rates for K = 3 and 3/2 (the latter has been scaled down). For K = 3, at short (T eff ≃ T eff,0 ) and long times (T eff ≃ Teq) the relaxation rates agree well with γ0, γ th respectively indicated by the dashed lines. For K = 3/2, the relaxation rate at long times agrees well with γ th . 
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Supplementary
Material for "Quench dynamics of onedimensional interacting bosons in a disordered potential"
The supplementary material covers: 1. Evaluation of the correlators after the quench when there is no backward scattering (D b = 0) but only forward scattering. 2. Derivation of the quantum kinetic equation in the presence of disorder and interactions. 3. Estimation of equilibrium temperature from energy conservation. 4. Perturbative time evolution of the density at short times.
CORRELATION FUNCTIONS AFTER THE QUENCH IN THE PRESENCE OF A FORWARD SCATTERING DISORDER POTENTIAL (D
It is convenient to define boson creation and annihilation operators a p , a † p , such that
(S14) Λ = uα −1 is an ultra-violet cutoff, and L is the system size. The initial Hamiltonian before the quench can now be written as
When after a quench, only a forward scattering disorder is present, the final Hamiltonian may also be diagonalized exactly
Note that the new Γ p , Γ † p fields correspond to defining a new fieldφ that is related to the φ field by a simple shift,
Above we have not written the zero mode explicitly. Taking α = 0 so that tan
Similarly for θ we find
The above implies
Thus the time-evolution of the fields after the quench is the same as that for the clean system (φ(x, t) D f =0 , θ(x, t) D f =0 ) but with additive corrections coming from random forward scattering. Let us now evaluate the disorder averaged density correlator, e 2iφ(x,t) e −2iφ(0,t) = e 2iφ(x,t) e
Thus we find that the density correlator is,
The θ-correlator may also be evaluated as above,
where we have used that
In the ground state of the final Hamiltonian, the correlators are qualitatively different. To see this note that the final Hamiltonian may be diagonalized by performing the shift defined in Eq. S19. Thus the correlation function
The main difference with the quench is that the average is now with respect to the ground state of theφ fields (or the Γ p fields), whereas for the quench, the averaging is with respect to the ground state of the φ (or the a p ) fields. On disorder-averaging, the equilibrium result becomes,
From the above, it is also straightforward to see that in equilibrium, the boson propagator e iθ(1) e −iθ(2) eq is unaffected by the forward scattering disorder.
DERIVATION OF THE QUANTUM KINETIC EQUATION
In order to derive the kinetic equation, let us first perform the following shift in the final Hamiltonian H f ,
Then H f may be written as
We define the Keldysh and retarded Green's functions for the shifted fields,
Following Ref. [16] , we can construct the Dyson equation for theφ-fields,
The self-energies correspond to the diagrams in Fig. S3 and show that the relaxation process involves multiparticle scattering between bosons. Disorder-averaging forces x 1 = x 2 , and the phase factor η drops-off. Thus, the Dyson equation becomes,
Disorder averaging also restores spatial invariance, and one may Fourier transform in momentum space to obtain, 
Assuming spatial invariance which allows us to transform to momentum space, and using that the left hand side of Eq. (S53) is
, and changing variables from (t,
Performing a leading order gradient expansion, and since "F" always comes multiplied by G R −G A which is sharply peaked at uq = ω,
Using the fact that for weak disorder
the self-energies are, (writing τ in units of Λ −1 , and ω in units of Λ),
and,
In what follows we will suppress the frequency label as it is understood that it is fixed at the on-shell value ω = u|q|, and use only the arguments q and the time T to label quantities. Note that the time-evolution of F is related to the time-evolution of the quasiparticle density as follows,
An important property of the kinetic equation is that when the system is in equilibrium F eq (q) = coth u|q| 2Teq , the right-hand-side of the kinetic equation should vanish. We have checked this to be the case. This result is equivalent to the fluctuation-dissipation-theorem Σ R − Σ A (q)F eq (q) = Σ K (q). The quench implies that the initial condition for the boson distribution function is,
so that
The above initial condition will get small corrections that depend on D b , we discuss this in the next section. We now discuss the outscattering rates γ 0 , γ th discussed in the main text. Note that all energy-scales will be expressed in units of Λ. To determine the rate γ 0 , we take the distribution function to be given by the form right after the quench n(q, T = 0) = T eff,0 u|q| , and find
Thus,
For γ th we substitute n(q) = 1 e u|q|/Teq −1 to obtain, compares it with γ th . The agreement is very good and shows that the system thermalizes faster near the critical point.
The kinetic equation is valid as long as the backscattering disorder is a weak perturbation. This is certainly the case when K > 3/2 where the backscattering disorder is RG irrelevant. For K < 3/2, the disorder is RG relevant, and the ground state is the localized Bose-glass phase. Thus our treatment cannot be generalized to the case of K = 1 which corresponds to the hard-core boson or free fermion limit. This is also apparent when we look at the expressions for the rates at K = 1. In particular γ th at zero temperature and K < 1 begins to show infrared divergences because γ th (T eq = 0) ∼
above, as K is decreased, the first sign of a breakdown of perturbation theory occurs at K = 1 when the integral has a logarithmic singularity.
ESTIMATION OF EQUILIBRIUM TEMPERATURE Teq FROM ENERGY CONSERVATION
To estimate the energy ∆E injected due to the quench from H i to H f , we need to evaluate
where E gs,f is the ground-state energy of the final Hamiltonian, while the initial state |ψ i is the ground state of H i . Due to symmetry, the expectation value of the backward scattering potential in the initial state vanishes. The remaining part of the Hamiltonian (containing interactions and forward scattering disorder) may be diagonalized exactly as follows, 
where we have performed a disorder averaging in the last step. Thus,
Now we estimate the ground state energy of the final Hamiltonian perturbatively in the backward scattering disorder. Using, 
Thus the energy per unit length injected due to the quench is
The equilibrium temperature T eq is defined by T eq α u
